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unknown; only in situ measurements which have minimal
effects on the local flow can yield this information.

IV. Summary

In any characterization of the performance of an engine
such as the secondary combustor of an air-augmented rocket,
a combustion efficiency is defined as the experimentally deter-
mined change in some parameter (e.g., temperature) divided
by its theoretically calculated value. One contributing factor
to discrepancies in efficiency can arise in calculation of this
latter value, because the composition of the fuel, specifically
its particulate components, is frequently unknown. In the
present study it has been demonstrated that these particles
can contain NH4B508-4H20, NH4C1, C, and other organics in
addition to B and B203. Clearly, before the performance of a
motor is compared with theory, tests similar to those reported
here must be conducted to determine the input for the analyt-
ical calculation. :

Size analyses of the particles collected in the present in-
vestigation have also been discussed. The as-received B
has a mode on the order of 0.25 jut, and electron micrograph
studies of the particles collected from the primary motor ex-
haust suggest that no significant change in this mode has
occurred. However, since the influence of the experimental

collection method on the measured particle size distribution
is unknown, this conclusion cannot be stated unequivocally.
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Magnetohydrodynamic Instabilities in a Weakly
Ionized, Radiating Plasma

MERRITT L. HOUGEN* AND JAMES E. McCuNEf
Massachusetts Institute of Technology, Cambridge, Mass.

A unified, linear theory is formulated for MHD waves at low magnetic Reynolds number,
propagating transverse to the magnetic field in a weakly ionized, radiating plasma. The set
of equations obtained from a two- fluid model yields a fifth-order dispersion relation whose
roots correspond to four waves: magnetoacoustic (a paired wave), thermal, electrothermal,
and "ionization-rate." To bring out the physics of each of these waves, simplifying assump-
tions are made, and "simple" analytical wave solutions are found. By taking advantage of
the wide separation of the roots in the complex plane, "distinct" wave solutions are obtained
in which many limitations of the "simple" wave solutions are absent and which are in excel-
lent agreement with the roots of the full dispersion relation, obtained numerically. Both
thermal and magnetoacoustic waves are shown to require a two-fluid model for proper de-
scription. In particular, the latter mode requires the inclusion of the rate of change of elec-
tron enthalpy for wavelengths < 0.1 m, at typical MHD generator conditions. The electro-
thermal wave instability region is much larger than previously thought, whereas the "ioniza-
tion rate wave" is always stable.

Nomenclature

ao = steady-state speed of sound
B = magnetic field
j50o = Planck function at line center
CenQ,CeiQ = steady-state collisional loss

e = elementary charge (e = 1.60210 X 10~19 coul)
e. = internal molecular energy per unit mass

E = electric field measured in laboratory frame
E' = electric field measured moving at the heavy-gas veloc-

ity
h = Planck's constant (h = 6.624 X 10~34 joule-sec)

H = A0TVc2/(l + ft)2), electronic heat conduction loss as
function of wave number

I = JuBo/kpgo, interaction number
d = width of MHD channel
D/Dt = (b/bQ + ug-V
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= Boltzman constant (K = 1.38054 X lO"23 joule/°K)
= wave number or propagation vector, k == |k|
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= radiation loss
= noo-QuL, magnetic Reynolds number
= time
= temperature
= Ta/T#
= velocity

electron drift velocity
average electron thermal speed
direction coordinate
Hall parameter
ratio of specific heats
collisional loss parameter
frequency half- width
ionization energy of alkali atom
permittivity in a vacuum
%KTe0

angle from k to J0
K*Tene/mev, electronic heat conduction coefficient (v

from Ref. 15)
perturbation wavelength
12ir(€oX/e2)8/2(!r.8/Vna1/1)
permeability in a vacuum
collision frequency for momentum transfer
radiation frequency at line center
mass density
plasma charge density
electrical conductivity

$ = steady-state ratio of radiation loss to neutral col- .
lisional loss

co = angular frequency in laboratory coordinates
to' = Doppler shifted frequency

Subscripts
a = alkali atom
b = buffer atom
e = electron
g = heavy gas
i — imaginary component
n = neutral
0 = steady-state value
r = real component
t • = total ,

Introduction

MAGNETOHYDRODYNAMIC generators, operating in
a closed cycle at high gas pressure (1-10 atm) and em-

ploying slightly ionized, seeded plasmas, must run in a non-
equilibrium mode to obtain sufficient electrical conductivity.
Although the ideal theory predicts sufficient electron tem-
perature elevation to obtain a high conductivity, this con-
ductivity has not been reached in experiments run in genera-
tor configurations. Several phenomena such as gas tur-
bulence, circulating currents due to the Hall effect, boundary-
layer shorting, and electrode losses contribute to this failure;
but in many cases much of the difficulty may be due to un-
stable MHD waves with which this paper is concerned.

"Magnetoacoustic waves" were first discussed by Herlof-
son1 for very high magnetic Reynolds numbers. More re-
cently, Velikhov2 showed that, for a small magnetic Reynolds
number in a weakly ionized plasma, acoustic waves in a mag-
netic field could be influenced (and destabilized) by fluctu-
ations of the Hall parameter. Both of these types of dis-
turbance have been shown to be limits of the same mode,3 the
"magnetoacoustic" wave. McCune4 further discussed the
work of Velikhov and extended it to include the important
fluctuations in the conductivity. Both Fishman5 and Mc-

Cune6 indicate that the magnetoacoustic instability can be
controlled by external circuitry. Fishman's work extends
in an essential way the earlier analyses of Locke and McCune7

and Powers and Dicks,8 which, although they include the
effects of steady-state gradients, do not include boundary con-
ditions and coupling to external circuitry. Messerle9 has
discussed unstable magnetoacoustic waves in an MHD induc-
tion generator.

All of the foregoing analyses employ a one-fluid MHD
model of the plasma. Hollweg10 was the first to employ
fairly complete two-fluid equations in this context and to dis-
cuss the effects on magnetoacoustic waves of an elevated elec-
tron temperature. Eliseev11 has discussed the effects of the
direction of wave propagation.

Another type of MHD wave is the so-called "thermal"
wave. Wright,12 using both one- and two-fluid models and
assuming incompressibility and no Hall effect, analyzed waves
parallel to the steady-state current. This wave is simply the
"thermal wave" of ordinary heat conduction with the effects
of Joule heating added. With the addition of Joule heating,
an instability can occur. Powers and Dicks8 expanded the
treatment of Wright by including steady-state gradients.
However, only a one-fluid model was used, and heat conduc-
tion was neglected. Edwards,3 although he did not identify
it as such, also obtained the "thermal" wave (viz., his "pa-
rameter variation" wave).

Electrothermal waves, first treated by Kerrebrock13 and by
Velikhov and Dykhne14 independently and at about the same
time, are substantially different from the foregoing magneto-
acoustic and thermal waves: here, oscillations of the electron
temperature and of the electron density can occur almost inde-
pendently of the heavy gas, caused by perturbations of the
electron density gradient and of the electric field. In the
original analyses, the heavy gas was assumed not to fluctuate
at all; this assumption is relaxed in the present study. Re-
cently Nelson and Haines15 have solved numerically an essen-
tially complete second-order dispersion relation for the elec-
trothermal and "ionization rate" modes (see following sec-
tions). Motion of the heavy gas and the steady-state radi-
ation loss were neglected in that work.j: Solbes16 and
Zampaglione,17 in obtaining stability criteria, have included a
component of the steady-state current parallel to the mag-
netic field. Smith18 has analyzed the effect of a large electron
density gradient.

In addition to the theoretical treatments mentioned previ-
ously, many experiments,19"26 run at MHD generator condi-
tions, indicate the presence of MHD instabilities. For this
reason, from an engineering standpoint, it is very important
to have a fuller understanding of MHD waves than the fore-
going limited analyses have provided. For example, at the
outset of the present study it was not clear what the inter-
relationships of the waves might be and what effect this
might have on their relative importance. It is the intention
of this paper to help clarify this and other points by providing
a more general theory of MHD waves travelling perpendicu-
lar to the magnetic field at low magnetic Reynolds number.
This more general theory includes the effects of radiation, a
finite recombination rate, Coulomb collisions, an elevated
electron temperature, and heat conduction; it also includes
both the previous limiting cases of the waves and any (linear)
interactions between the modes.

To complete this task, the order of procedure is as follows:
a set of equations based on a two-fluid model and consisting

t Since completion of this manuscript, the authors became
aware of an extension of Ref. 15 by A. H. Nelson: "Wave
Propagation and Instabilities in a Magnetized, Partially Ionized
Gas Under Non-Equilibrium Conditions," Ph.D. Thesis, Im-
perial College, London (October, 1969). Here Nelson also
studies magnetoacoustic waves, and in addition has analyzed the
effect of boundary conditions and external circuitry on electro-
thermal waves.
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of moments of the Boltzmann equation, together with Max-
well's equations, is presented. These equations are linearized
according to first-order perturbation theory and then analyzed
assuming plane wave perturbations. The explicit effect of
radiation is included, taking advantage of the results of Lutz.27

Following this, assumptions are imposed upon the general
wave equations which lead analytically to the various limiting
cases of the waves previously identified, as discussed previ-
ously. The full equations of a low magnetic Reynolds num-
ber plasma are shown to yield a general (fifth-order) disper-
sion relation; this has been solved on a computer. If one
takes advantage of the generally wide spacing of the locations
of the resulting roots in the complex frequency plane, results
for "distinct" waves without limiting (physical) assumptions
can also be given. These, along with the "simple" wave
theories, are compared with the exact computer solutions.
Finally, by comparison with accumulated experimental data,
the applicability of the general theory is discussed.

General MHD Equations

The working fluid of the MHD generator is a slightly
ionized, seeded plasma, consisting of a noble "buffer" gas and
an alkali metal vapor "seed" gas. The theoretical model as-
sumes two fluids, the electron gas and the heavy gas, the latter
being composed of the alkali ions, alkali atoms, and buffer
atoms. The assumptions at this point are that the buffer gas
is negligibly ionized, that there is no "ion slip," and that the
positive ions and neutral molecules are at the same tempera-
ture. This two-fluid model requires six scalar equations:
two continuity equations, two energy equations, and the two
scalar Maxwell equations; and four vector equations: two
momentum equations and the remaining two Maxwell equa-
tions.

Heavy-Gas Equations

Continuity:

(Dh0/Dt) = 0 (1)
where the caret denotes total quantity. The source term on
the right-hand side has been neglected because of the low
degree of ionization (ne <3C hg).

Momentum:

j$g(Dug/Dt) = -Vpa + J X B (2)
where the heavy-gas viscosity has been neglected, and the
MHD (quasi-neutrality) assumption has been made.

Energy:

, „- +p

%K(t.-t.)

l\ , /8.J.) = n-m° U X

InA
maf e

-
U 6 — (3)

where the collisional loss parameters13 5a and db include the
effect of nonelectronic degrees of freedom only. Assuming a
detailed balance for excitation and photo-de-excitatiori, radi-
ation and electronic degrees of freedom do not affect the
heavy gas. Defining fe in the sense used here requires a near-
Maxwellian electron distribution28 (neo > 1013 cm~3). Heavy-
gas heat conduction and viscosity are assumed negligible (X
> 1 mm for typical MHD generator conditions).29

Electron-Gas Equations

Continuity:

(Dhe/Dt) + neV-ug - = kb(Knneha - ne
3) (4)

where the valence electrons and bound electrons are assumed
to be in equilibrium (neQ > 1013 cm~3),28 and the ionization

and recombination process e~ + a <=± e~ + e~ + a+ is as-
sumed dominant (Te0 > 1500° K).10

Momentum:

J = <?[(E' + e - (en.)-1] X B]) (5)
where electron viscosity and inertia have been neglected.

Energy:

±[(± K*. + «)*.] + (%K*. + «)&.&

/8anav,an.m, { — —— -\ ma

-E' -

^ ^— K(T, - Ta) -2

where M is the Righi-Leduc tensor,10 and where the electron
viscosity, but not the electron heat conduction, has been
neglected (electron gas Mach number <<c 1). It is necessary
to include the radiation loss R from the electron gas. This
term has been obtained separately from the integro-differen-
tial equation of radiative transfer.27'29

Maxwell's Equations

V-(eoE) = pc

V X E - - (dB/di)

V-B = 0

V X (B/Mo) = J + [5(€oE)/d*]

(7)

(8)

(9)

(10)
where the displacement current is negligible for the frequen-
cies considered. [Neglect of the displacement current in Eq.
(10) is tantamount to the "quasi-neutral" assumption men-
tioned earlier, since this equation then implies V-J = 0.
Equation (7) is then not needed to close the system of equa-
tions, but can be used to compute the local charge accumula-
tion, if desired.]

General Dispersion Relation

The MHD generator will be approximated by a channel
whose external electrical circuitry and geometric properties
affect only the (homogeneous) steady state of the plasma.
This is tantamount to assuming X <3C channel dimensions.
Although larger X's may be present, and the steady state is
never exactly uniform, the present analysis is expected to
indicate the conditions under which actual generators are
"potentially" unstable to the modes considered. Although
the influence of an inhomogeneous steady state30 and the elec-
trical and geometric constraints of a generator5-6 may be im-
portant, they are beyond the scope of this paper.

For small perturbations about the (assumed) homogeneous
steady state, the preceding set of two-fluid equations can be
linearized. A plane wave solution of the form A = AQ + A
exp[{(k«x — cot)] (where k is real and transverse to the mag-
netic field, and co = cor + iw») is sought from the equations.
Both a small magnetic Reynolds number and slight ionization
of the alkali atoms are assumed.

It was found29 that, although a steady-state radiation loss
can be obtained for a finite-size channel, it is necessary to
postulate an infinite plasma to obtain the radiation perturba-
tions in terms of a single wave number. It was further
found29 that, for small perturbations, the effect of perturba-
tions of the optical depth per unit length mv is negligible com-
pared to that of perturbations of the Planck function Bv.
Under these conditions, the components of the radiation term
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Fig. 1 Ratio <f> of averaged radiation flux to walls to neu-
tral collisional energy loss vs temperature.

ft in Eq. (6) are given by29

#o = -V *-3/2A"o(

D 4(2)'/V fao
'K27,

rjkiT" T._
L moo J TeQ

(11)

(12)

As can be seen from Fig. 1, for an Ar plasma with a low
electron temperature elevation, the steady-state radiation
loss can be significant in small channels. Because of the
large collision cross section of He, the effect of radiation is
generally negligible in He-constituted plasmas.

Using the operative transforms d/d£ -> — ico, D/Dt ->
— i-(o) — UffO'k) == —io)', and V -»• ik, the following equations
for the (complex) magnitudes of the plane-wave perturbations
are obtained after much manipulation.

Heavy-Gas Momentum Equation

tA,] -^ + [tCn (-4) + CM] —— = 0
Poo L \aQKj J neQ

(13)
Q neQ

Heavy-Gas Energy Equation

\iAn (4) + A J -*- + fift, (4) + B J -* +
L \0ofc / J pao L Voofc/ J Poo

Electron-Gas Energy Equation

All of the coefficients A,B,C, etc. are real and are listed in
the Appendix. In Eqs. (13-15), k is the magnitude of the

wave vector k. The angle between k and J0 is denoted by 0,
which appears as a parameter in the coefficients A,£,C, etc!
(see Appendix).

Since these equations are homogeneous, for a nontrivial
solution to exist the determinant of the coefficients must
vanish. Setting this determinant equal to zero gives the dis-
persion relation, i.e., the relation between o>' and k:

where the \(/'s are also defined in the Appendix and depend on
B.

This fifth-order equation with complex coefficients cannot
generally be solved analytically. However, computer solu-
tions can be obtained using Muller's31 quadratic method to
locate the roots in the complex plane. The five roots of the
equation correspond to four waves: magnetoacoustic (a
paired wave), thermal, electrothermal, and "ionization rate."

Wave Limits

Within the limitations of the analysis, the computer solu-
tions give the exact behavior of the waves but show little of
the physics. In order to bring out the physical nature of each
of the individual modes inherent in Eq (16), simplifying physi-
cal assumptions must be made in the set of two-fluid equations;
an explicit "simple" solution for the phase velocities and
growth rates of each wave is then found. From these, sta-
bility criteria, the directions of maximum growth rates, and
the general wave characteristics can be obtained29 and com-
pared with earlier results (see Introduction).

Magnetoacoustic Wave Limit

The dispersion relation for magnetoacoustic (hereafter de-
noted by "MA") waves can be obtained from Eq. (16) if the
following two assumptions are made: 1) the substantial de-
rivative of the electron enthalpy in Eq. (6) is negligible; and
2) the electrons are in instantaneous Sana equilibrium at the
electron temperature. The range of validity of these as-
sumptions will be discussed later. Together, they reduce Eq.
(16) to a third-order dispersion relation containing the paired
MA waves and the thermal ("T") wave. In addition, the fol-
lowing simplifications are made: Coulomb collisions, the

10"'-

IR-

/-ET

Fig. 2 Locus of the roots of the fifth-order general disper-
sion relation.
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electron pressure gradient, and electron heat convection are
assumed negligible, and the momentum collision cross sec-
tions are taken to be constant. Assuming co//ao& = 1 and
to*2 « to/2 (which is equivalent to assuming the interaction
parameter, I = J0B0/kpa0 « 1), the dispersion relation yields
the growth rate29 for MA waves. For a negligible electron
temperature elevation (TR = 1) and no steady-state radiation
losses, the equation for the growth rate co* simplifies to

CO; = —— X

) COS0 + [(T - 1)
77 - 5'

2KT,o
-]

sisin0 -

(7-

fa sin0 cos0 [(7 -

- 1) -̂ - + -L) KTgQ ^ 2
a , 7 - 3"

X

(2 sin20 - 1) + (7 ~ 1)

X

'}] (17)

As can be seen from Eq. (17), under these circumstances
only the normal wave damping, cr0(ug X B0) X B0 (i.e., the
"1") and the heat conduction and radiation terms damp waves
in all directions. The effects of all other perturbations, prin-
cipally those of the electrical conductivity and Hall parame-
ter, can be amplifying for some wave directions. Differenti-
ating Eq. (17) with respect to 6 yields the direction of maxi-
mum growth, which turns out to be perpendicular to E</:

0maxwi ?x tan~1(l/^o) (18)

For large fa, this direction approaches that of —Jo.
If the foregoing assumption of TR = 1 is relaxed, a qualita-

tively different co; dependence is obtained.29 With the elec-
tron gas no longer completely coupled to the heavy gas, the
respective density fluctuations are often completely out of
phase. Under these circumstances, not only is the co; de-
pendence close to the opposite of that shown in Eq. (17), but
the direction of maximum growth rate is essentially opposite
to that which single fluid theory has predicted! As it turns
out, these circumstances occur whenever electrothermal waves
are also unstable.

A stability criterion,10 based on assuming wave propagation
only in the — J0 direction, predicted that MA waves were
always stable for TR > 1.9. When the preceding effects are
included (i.e., all angles are included), no such completely
stable region is found to exist, regardless of the magnitude of
TR.

Thermal Wave Limit

The initial assumptions for the thermal (T) wave limit are
identical to those of the MA limit. The T wave corresponds
to the third root of the MA-T dispersion relation.8 We dis-
carded this root previously when we assumed ur

f/aQk = 1.
As the T wave is not present in the absence of dissipation (co'
= 0), we may tentatively assume that |co'/ao/c| « 1 under
our conditions of relatively small dissipation. With this
assumption, the phase velocity and growth rate for the T
wave are obtained.29 Once again, two-fluid theory gives re-
sults essentially the opposite to those predicted by one-fluid
theory because of the difference in phase of the electron-gas
and heavy-gas density fluctuations.

The phase velocity29 is of the order of the electron drift
velocity times the square of the interaction parameter.
Hence, in the absence of a magnetic field, the wave does not
propagate. In the presence of a magnetic field, the phase
velocity is very small for JoBG/kp0o « 1. However, it can
exceed that of the MA wave for J0Bo/kpgQ > 1. Furthermore,
the T wave is strongly dispersive. The physics of a single
root require3 that co///c adjust itself to stay within a total

0

d = l.0m

0 1.0 1.20.2 0.4 0.6 0.8
TR-!

Fig. 3 Critical Hall parameter for electrothermal waves.

range of 6 equal to TT rad, although this total range need not
be made up of adjacent regions.

The general growth rate equation29 can be simplified for
TR = 0 - 0:

CO; = cos#

(H + R)' (19)

Thus, the growth rate of T waves is of the order of the ratio
of the Joule heating to heavy-gas enthalpy. In fact, all of
the terms of Eq. (19) are caused by perturbations in the
heavy-gas heating, and, thus, the T-wave instability is purely
kinematic. The simplest limit of the T wave is the evanes-
cent root of the ordinary incompressible equation of thermal
conduction. However, with the addition of Joule heating,
an instability can occur.12 The limit of Eq. (19) for H = R
= 0, €i/kT0Q » 1, and 6 = ir/2 agrees exactly with the result
of Edwards.3 Because of additional simplifying assumptions
made in Ref. 12, the growth rate obtained by Wright is simi-
lar but not identical to Eq. (19). Wright12 assumed incom-
pressibility also. With such an assumption, the heavy-gas
momentum equation is uncoupled from the heavy-gas energy
equation, and co//fc = 0.

Electrothermal Wave Limit

The additional assumption of the electrothermal ("ET")
wave limit over those leading to Eq. (16) is that the heavy gas
undergoes no perturbations. This assumption eliminates the
two MA roots and T root and leaves a second-order dispersion
relation. Furthermore, the assumption turns out to be ex-
cellent over a wide regime; ET waves are negligibly depen-
dent on heavy-gas fluctuations29 for the plasma regime of Fig.
2. For simplicity only, it is assumed in the following that
Coulomb collisions are negligible and the momentum collision
cross sections are constant. If instantaneous Saha equilib-
rium were assumed also, the root due to a finite ionization rate
("IR" wave) would be excluded, leaving the single ET root
remaining. Although it cannot be justified a priori (Fig. 2),

T, as it turns out, is much less than | co'/a0fc| IR. If
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Fig. 4 Dominant mode regimes for an Ar-K plasma.

this result is used, we can avoid the (often very limiting) as-
sumption of instantaneous Saha equilibrium and still obtain
simplified but rather general results. The phase velocity and
growth rate of the ET mode are then obtained directly,29 with
the effect of finite recombination rate included. In the limit
of instantaneous Saha equilibrium, the equation for the ET
phase velocity reduces to the result of Kerrebrock,13

CO/ _ [(c,-/6ao) - £] cos0
ujc 2{1 + f [(«/€<>) - I]2} (20)

Although Eq. (20) indicates a nondispersive wave, a finite
recombination rate creates dispersion and reduces the magni-
tude of the phase velocity. The ET wave propagates in the
positive J0 half-plane, unless the electron temperature is
quite high. This is opposite to the electron velocity, be-
cause the electron pressure-gradient effects dominate those of
heat convection.

In instantaneous Saha equilibrium, the growth rate reduces to
1

2KT (2 sin20 - 1) + (1 + 4!) X

KT o sin0 cos0 — (H + R)
CenQ

(21)

Equation (21) shows that the growth rate for ET wave is of
the order of the ratio of the Joule heating to the ionization
energy. Unlike the growth rate of MA waves, which is pro-
portional to an interaction parameter and thus is generally
small and a very strong function of Te0) the growth rate of ET
waves is 0{105 sec"1}. for Ar and 0{106 sec"1} for He and only
weakly dependent on Te0 (for kb -> «). The inclusion of a
finite recombination rate29 reduces co* but alters the qualita-
tive aspects little. As long as kbne0 ^ 0, the wave can be un-
stable. This generalizes the analysis of Kerrebrock,13 who
used a first-order expansion in kb~l for the effect of a finite
recombination rate. He speculated that the extension of this
linear expansion might indicate a "critical'7 ne0 » 1013 cm-3

below which ET waves would be always stable. No such
stabilization occurs in the more complete theory. Further-

more, with a radiation loss, ET waves not only can exist at a
zero electron temperature elevation (provided JQ

2/a0 ^ 0),
but can be unstable in such a situation. *

Differentiating Eq. (21) with respect to 6 gives the direction
of maximum growth for ET waves:
0max«< = | tan-1} -0o[2r/(2r - 1)]} « f tan^-ft)) (22)

As 0o increases, this direction moves away from that of
-Jo X Bo toward that of +J0. For ft, « 1, it is equidistant
from each of these directions. Waves in the general direction
of that given by Eq. (22) are amplified because of the increased
local heating given by J-E0' and J0'E' in the regions where ne
is positive.

In general, a magnetic field is required for an ET wave in-
stability. Then, the stability criterion can be put in terms of
a critical Hall parameter, &rit. For values of the Hall
parameter above /3crit, the ET wave is unstable in the direc-
tion of maximum amplification. Using Eq. (21) for co*, /5crit
can be calculated and is shown in Fig. 3 as a function of TR,
T0o, d, and X. For ET waves, radiation and electron heat
conduction fluctuations are always damping. Hence, 0crit
increases as the wavelength decreases. For small wave-
lengths, j8orit is essentially determined by radiation and elec-
tron heat conduction damping. For larger values of X, /3crit
is governed by collisional losses. A steady-state radiation
loss reduces the magnitude of both of these damping effects,
thereby increasing the relative amplifying effect of the Joule
heating. Results illustrating these trends are shown in Fig.
3. The effects are most dramatic for "small" channels, i.e.,
for relatively large steady-state radiation losses.

Ionization Rate Wave Limit

The remaining wave contained in the fifth-order dispersion
relation is present only with a finite recombination rate. This
ionization rate (IR) wave was eliminated from the IR-ET dis-
persion relation by assuming

If we assume, in contrast, co'/ao&| » 1, the dispersion rela-
tion yields the IR phase velocity as

= -f cos/9 (23)
and the "growth" rate as

o i .CO; = -Ven0 j 2 1 + —— ( 1
4 €eO/ VenQ

« VIJ
€eO/ J

j-f

3-^\ + l(!L + R}\ (24)

Equation (23) shows that the IR wave has a high phase
velocity, being of the order of ueQ and in the same direction.
In fact, it is just the rate of heat convection. Equation (24)
shows that the IR mode is always damped.

The dominant term in Eq. (24), — 2fone0
2, is just the re-

ciprocal of the characteristic time it takes to return a dis-
placement of ne back to the value required by Saha equilib-
rium. The damping rate is 0{ 107-108 sec"1}. The fact that
IR waves are strongly damped would not necessarily eliminate
them from engineering interest, as they could, in principle,
interact with and affect the behavior of the MA, T, or ET
waves. However, we see below that any linear interaction is
negligible, and thus the IR wave is in fact unimportant.

Low Rem, MHD Waves
The foregoing approximate treatments of the various modes

brings out some of the physics of MHD waves and establishes
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contact with earlier work. Unfortunately, the physical in-
sight thus gained comes at the expense of several limiting
approximations (whose range of validity is not easy to estab-
lish) and also the elimination of any consideration of possible
linear coupling between the various waves. Since such inter-
actions, as well as the limiting approximations, could sig-
nificantly affect the behavior of the individual waves, the
roots of the full dispersion relation, Eq. (16), will now be dis-
cussed. Figure 2 shows the locus of these roots for typical
conditions.

Because of the wide separation in the complex plane of the
roots, it is possible, using appropriate mathematical approxi-
mations, to obtain explicit expressions for co» and o>/ for all of
the waves individually. These expressions,29 which we refer
to as the "distinct" wave theories, give generally better ap-
proximations for the growth rates and frequencies than do
those of the previous "simple" wave limits. In fact, as we
shall see below, for MA waves with X < 0.1 m, the "distinct"
MA wave theory is the only valid (approximate) MA theory.
Because each "distinct" wave theory in effect assumes the
existence of only a single wave type, the resulting growth rate
and frequency can be compared to the corresponding exact
root of the fifth-order dispersion relation to determine the
presence of any linear wave coupling. Such a comparison
has been carried out in Ref. 29; no evidence of linear wave
coupling was found throughout the regime indicated in Fig.
2. However, with a higher interaction parameter in an He-Cs
plasma, ET and T waves can couple. Nevertheless, their
growth rates are still substantially those predicted by the
"distinct" wave theories. Whenever linear interaction of the
modes is negligible, the properties of the modes given by the
"distinct" wave theories29 are virtually identical to those ob-
tained from numerical solution of the full dispersion relation.

From the roots of Eq. (16), the most unstable mode can be
determined for given plasma conditions. The plasma regimes
for which a particular wave mode "dominates" (i.e., has the
largest growth rate) are shown in Fig. 4. As can be seen, at
least on the basis of this criterion, magnetoacoustic waves
tend to dominate at small wavelengths, particularly at small-
to-moderate Hall parameters, whereas for large /30 and sig-
nificant electron temperature elevation, electrothermal waves
become the most important, as expected. Note that there
are also regimes for which the thermal mode is "dominant."
It should be noted, however, that, whenever the ET waves
are dominant, they tend to have dramatically higher growth
rates than the maximum attained by the other modes.

The exact numerical results for various wave modes will
now be discussed in more detail, beginning with the MA mode.

Fig. 6 Polar plot of magnetoacoustic wave

Figure 5 is a polar plot of w*MA for a long (0.1 m) wavelength
at conditions relevant to the "simple" two-fluid MA theory.
It is plotted here for d = 0.01 m only to allow direct compari-
son with Fig. 6; for TR = 1.9, the value of d has little effect
on the waves, so that in fact Fig. 5 is little altered if one
chooses d = 1.0 m. (Figures 5, 6, 8, and 9 are plotted on a
logarithmic scale, for which the graph region for small values
of co; has been condensed to a point at the origin.) Figure
5 agrees well with the "simple" two-fluid theory, except for
the fact that Coulomb collisions, included in the calculations
shown in this plot, have stabilized the wave in the — J0 direc-
tion and increased co* in the unstable regions. In the absence
of Coulomb collisions, the wave in the — J0 direction would be
unstable. Single-fluid theory would predict only a small
region around the — J0 direction to be unstable.

A very striking qualitative difference in the behavior of co»
between Figs. 5 and 6 is evident, although the only difference
is the smaller wavelengths used in obtaining Fig. 6. Chiefly
it is the effect of the rate of change of electron enthalpy that
has shifted the co; behavior so drastically. If this were not
taken into account [e.g., if the "simple" (two-fluid) theory
were used], the plot of co» would be very similar to Fig. 5 and

Fig. 5 Polar plot of magnetoacoustic wave coiCsec"1). The
reference axes are in the directions of Jo and «lo X Bo? as

labeled. See text for explanation of high \/d ratio.
Fig. 7 Polar plot of magnetoacoustic wave phase velocity
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Fig. 8 Polar plot of thermal wave o>/ and w;(sec 1).

quite incorrect. It should be stressed that, although Fig. 6
is qualitatively similar to what the simple one-fluid theory
would predict, this is strictly fortuitous. The physics of the
MA modes in this regime is quite different from that of the
simple one-fluid model.

As was seen in Fig. 2, for I < 0.1 the phase velocity of the
MA wave is negligibly affected by perturbations in the E (and
B) fields and simply equals the isentropic speed of sound.
However, for I > 0.1, it becomes more and more strongly
influenced by these fields. An example is illustrated in Fig. 7.
To be strictly valid, Fig. 7 would have to be modified to in-
clude finite Rem) which goes beyond the scope of our present
treatment. An extension of the theory along the lines of Ref.
3, but including two-fluid effects, is required to obtain ac-
curate results at such high interaction parameters. In any
case, however, strong departures of the phase speed of the
MA wave from the gas sound speed are expected, and Fig. 7
shows that these can occur even in the absence of perturba-
tions in B.

Figure 8 shows some characteristics of the T wave. The T
wave is damped for TR < 2.0 if X = 0.01 m and fa = 4. For
X = 0.1 m and fa = 4, the stability criterion drops to TR <
1.6. Thus, the thermal wave is much more stable than
Wright12 or Powers and Dicks8 predicted. This is because of
the large damping due to radiation and heat conduction
fluctuations and because a two-fluid model is absolutely
necessary to give the correct o>; if a temperature elevation is
present.

Figure 9 shows the typical ET wave behavior. The phase
velocity is approximately a cosine curve in the + J0 half-plane,
whereas the wave is unstable in a portion of the second quad-
rant. However, Fig. 9 shows the tremendous quantitative
difference (over four orders of magnitude!) at this tempera-
ture between the actual ET mode and the result of the sim-
plified ET theory, which neglects the effect of a finite recom-
bination rate. The results of the full theory agree within
0.1% with the results of the "distinct" wave theory for this
mode, and it is the latter set of results which is labeled
"mode" in Fig. 9. At higher electron temperatures, the error
inherent in the simplified theory is less, but it is still observ-
able below Te0 = 3000° K.

It is because of the appropriateness to some experiments
that d = 0.01 m has been taken for Figs. 5, 6, 8, and 9. It
should be emphasized that every qualitative effect shown in
Figs. 5-9 is present under conditions of strict validity of the
theory (A « d). That is, no new (qualitative) effects have
appeared simply because we have "stretched" our results to
the limit A « d in making the preceding plots. That this is

Fig. 9 Polar plot of electrothermal wave to/ and co^sec"1).
The curves labeled "mode" were obtained from the "dis-
tinct" electrothermal wave theory, described in the text,

and include the effects of finite recombination rate.

so has been checked through much more extensive calcula-
tions, results of which are available in Ref. 29.

Experiments

The present linear analysis cannot, of course, give the
fluctuation amplitudes or the reduction in effective fa and 0-0,
which are often the only applicable parameters experimen-
tally determined. To obtain these, a nonlinear theory, c.f.
Soloes,16 is required. However, several experiments have
recorded data to which the present analysis can be directly
compared.

Belousov et al.19 measured co//fc and 6 in a medium-pressure
Ar-Cs pulse discharge without gas flow. For fa = 0, the
plasma was homogeneous. For fa = 1, 0meas = 65° (vs 67.5°
from ET theory), and for fa = 3, 0meas = 57° (vs 54°). The
phase velocity (1.5 X 103 cm/sec) and growth rate were also
in agreement with ET theory.

Lopatsky and Andropov,20 in a similar discharge experi-
ment, found instabilities for fa = 1. Both MA and ET waves
were theoretically unstable. Phase velocities and wave-
lengths were measured but unfortunately not included in Ref.
20.

Brederlow and Hodgson21 measured co//fc and 6 in a high-
pressure Ar-K discharge. For fa < 2, waves antiparallel to
Jo with &r 7k — 50 m/sec were found. This does not agree
with either MA or ET wave theory predictions. Further
measurements showed that 1) for fa = 2.2, 8 = 55° (vs 57°
from ET theory), and a)r'/k = 30 m/sec (vs 19 m/sec); and 2)
for & = 3.3, 6 = 54° (vs 53°), and «r'/fc = 33 m/sec (vs 19
m/sec). When co//& is calculated from an ET theory that
includes a finite &&, the agreement is much better. Ried-
muller,26 using the same apparatus, found /3crit — 1, which is in
general agreement with Fig. 3 for his parameter values.

In a similar type of discharge, Kerrebrock and Dethlefsen22

found sharply increasing fluctuation magnitudes at fa > fa^t
(c.f. Fig. 3). The characteristics of these instabilities agree
well with ET theory predictions. For fa < ftrit, smaller
fluctuations were observed where MA waves should be un-
stable. However, the residence time in the channel for a
propagating MA wave is small compared to co;MA, implying
that if these fluctuations are due to MA waves they must be
essentially "standing" in the channel. This situation is pos-
sible for MA modes, in contrast to the remaining modes, be-
cause the MA waves occur in pairs.
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Conclusions
The present analysis has sought to provide a greater under-

standing of low-Rem MHD waves by making as few limiting
assumptions as possible and then determining the individual
wave characteristics and the interrelationship of these waves.
Important differences in wave characteristics from those of
previous theories have been discovered. Furthermore, linear
wave coupling was found to be negligible in most regimes of
interest, so that "distinct" wave analyses are useful. The
physics of all three of the unstable waves has one striking
common feature, viz., the phase difference between the elec-
tron-gas and heavy-gas density fluctuations; the stability
Jx>undary for ET waves is identical to the boundary between
one-fluid and two-fluid "behavior" for MA waves, and this is
in turn identical to the condition for nonexistence of T waves.

Appendix
The coefficients for Eqs. (13-15) are
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where ^>, &, &, and S$ account for variable collision cross sec-
tions and are 0(1} ; c.f. Eqs. (2.12) and (9.10) of Ref. 29.

The ^'s of Eq. (16) defined in terms of the preceding co-
efficients are
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